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Abstract This numerical investigation considers the solar radiation effect on a
nanofluid over a stretching plate acted upon by a transverse magnetic field focusing
on the stagnation points. Here, linear Roseland approximation is applied for solar
radiation. The physical flow problem is modeled using the sets of partial differential
equations, which are then transformed into a set of non-linear ordinary differential
equations by using the appropriate similarity transformation. We have a new bvp4c
solver in the MATLAB platform to solve the equations numerically to investigate the
solar radiation effect on various flow parameters associated with MHD nanofluids
such as Brownian motion, velocity, temperature and concentration. A comparative
analysis is performed for the results with previous studies in some limiting cases
to prove the efficiency of the numerical approach. The results have been presented
graphically as well as in tabular form to intricate the flow pattern.

Keywords MHD flow * Solar radiation - Stretching plate + Rosseland
approximation + Stagnation point + Brownian motion

1 Introduction

Growing energy demand and associated energy crises coupled with environmental
issues are now considered with priority across the globe. Attention towards renewable
energy has increased as these can replace fossil fuels and reduce the ejection of
Green House Gases. Out of different renewable energies like hydro-power from
water, geothermal energy, wind energy, biomass from plants, solar energy is one of
the cleanest renewables that comes directly from the sun and can be transformed into
electricity directly by photoelectric effect and into heat by photo-thermal conversion.
Hence, the implementation of solar energy has gained mass attention recently.
Voltaic cells and solar thermal plants are the main gateways to use solar energy and
its efficiency can be increased by improving solar energy absorption. The dependence
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on fossil fuel can be reduced by using renewable energy which mainly relies on the
absorption of solar energy and conversion into thermal energy. However, there is a
significant loss of energy in the absorption of sunlight by collecting panels. The weak
thermo-physical properties of convectional fluids make it non-viable to construct
heat exchangers with greater efficiency [1]. The water-dispersed nano-particles are
found to improve the absorption of sunlight [27]. To increase the absorption effi-
ciency different researchers have tested different nano-particles. In recent decades,
nanofluids are extensively used in collectors as they elevate greater heat elimination
due to their superiority in thermo-physical properties in comparison to traditional
fluid [20].

Nowadays, industrial fluids are studied by researchers very intensively. Recently,
there has been a great discussion about the parameters behind the heat transfer in
nanofluid, despite many studies done already [33]. Nanofluids are made by the
suspension of nanoparticles in the base fluid. Choi [5] was the first researcher
to discover that the suspended nanoparticles in the base fluid could enhance the
thermal conductivity. Lee et al. [19] measured the thermal conductivity of different
metal oxides and revealed that both shape and size played an important role in
enhancing thermal conductivity of the nanofluid. Nanoparticles not only increase
thermal conductivity but also increase the heat transfer capacity by convection [25].
Eastman et al. [7] by their study conclude that the addition of copper nanoparticles
with volume fraction less than 1% in ethylene glycol could increase the thermal
conductivity up to 40%. Buonigiorno [4] attempted to explain the increase in the
thermal conductivity of the nanofluid by pointing out two slip mechanism i.e., Brow-
nian motion and thermophoresis for effective enhancement of thermal conductivity
of the base fluid. MHD nanofluid has a great significance in engineering. Buon-
giorno’s model [4] of viscous and incompressible nanofluid flow between a vertical
flat plate and a porous medium was investigated by Nield and Kuznetsov [18]. Khan
and Pop [16] were the first to investigated the evolution of heat transfer and nanopar-
ticle volume fraction in a nanofluid across a stretching sheet. Rana and Bhargava
[28] used the FEM approach to solve Khan and Pop’s problem for the nonlinearly
stretching sheet. Makinde and Aziz [23] investigated the heat transfer properties in
nanofluid flow utilising convective boundary conditions. The convectional flow in a
square duct in the presence of a high transverse magnetic field was investigated by
Chutia and Deka [6]. Some recent work on MHD nanofluid are presented in Refs.
[12, 13,15, 30].

Thermal radiation on natural convection has become a great importance due to
its wide range application is physics and engineering especially in the design of
components and equipment, space technology and gas turbine, etc. Unlike conduc-
tion and convection, thermal radiation does not need any medium to transmit the
heat. These properties make thermal radiation much significant in heat transfer of
MHD nanofluid as it reduces the loss of heat. England and Emery [8] investigated
the effect of thermal radiation on the natural convective boundary layer flow along
vertical plate for absorbing and non-absorbing gases. Kumar et al. [17] presented
an idea of the impact of thermal radiation on nanofluid model for flow and heat
transfer over an infinite vertical plate under magnetic field and viscous dissipation.
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Ali et al. [2] studied the impact on thermal radiation and non-uniform heat flux of the
MHD hybrid nanofluid over the stretching cylinder. The effect of hall current which
chemical reaction and thermal radiation of a nanofluid flow in a rotating channel was
numerically investigated by Lv et al. [22].

Improvement in Solar collector model is one of the major priority for the use of
solar energy. Nanofluid is used as a main operating fluid in most of the solar collector
nowadays. Javadi et al. [14] have studied the working principle of nanofluid on solar
collector in details. Yousefi et al. [35] used Al, Os-water nanofluids as an operating
fluid in solar collector and draw a very interesting conclusion that the nanofluid
based model inceases the efficiency of solar collector by 28.3%. Faizal et al. [9]
claim the possibility to make a smaller solar collector, using different nanofluid
which produces the same output as the larger one. The action of Cu O-water and
water in a solar collector was compared by Liu et al. [21]. Sarkar and Kundu [31]
studied an unsteady MHD nanofluid near a spinning sphere in the presence of solar
radiation. Mushtaq et al. [24] studied the radiation effect of the MHD nanofluid flow
in the two-dimensional form through the Runge—Kutta method with an appropriate
shooting technique. Ghasemi et al. [10, 11] used the Keller box and Differential
quadrature method (DQM) to conduct a numerical analysis of Mushtaq’s work under
the effects of radiation.

In this study, an investigation is done numerically with the following highlights:

e PDE’s are reduced to the sets of ODE’s by using similarity transformation.

e MATLAB build-in solver bvp4c is used to solve the ODE’s to investigate the
non-linear radiative transport phenomena in nanofluid flow under the action of
transverse magnetic field under solar radiation.

e This study presents a nanofluid model for a solar collector by considering some
thermal effects which can increase its efficiency to much extend.

e The study presents the velocity, temperature and concentration profiles to
investigate the effect of solar radiation along with the other MHD flow parameters.

e The validity of the current results is verified by Mushtaq et al. [24]’s previous
study.

e Graphical results are discussed in details with physical reasoning to clarify
findings.

e The Nusselt number and Sherwood number for various parameters are thoroughly
explored.

2 Mathematical Formulation

In the present study, we consider a steady two dimensional flow of a nanofluid under
transverse magnetic field over a stretching sheet under the Solar radiation. As shown
in Fig. 1 the stretching sheet is placed at y = 0 and the fluid start flowing towards
x-axis when the sheet is stretched (force applied) along the same axis. The magnetic
field B, acts perpendicular to the direction of the flow. The stretching velocity along
the x-axis is #,, = ax and velocity outside the boundary layer is u,, = bx.
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Fig. 1 Schematic diagram of the problem

The system of governing equations (see Refs. [18, 26, 32]) of the flow is given as
follows:
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where u# and v are velocity component along the direction of x-axis and y-axis
respectively, T is the temperature and C is the nanoparticle concentratlon vy = £ f

is the kinematic viscosity, o, is the electrical conductivity, ¢ = GO C) is the thermal
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diffusivity, g, is the radiation parameter, Q,, is the internal heat generation/absorbtion
coefficient, Dg and D, are coefficients of Brownian and thermophoretic diffusion
parameter respectively. In this case, we consider the Rosseland approximation for
radiation heat flux, which is mathematically expressed as (see Refs. [3, 29, 34]):

—40* 3*T
3k*  dy

4 =- 5)

where o * and k* are Stefan-Boltzmann and mean absorption coefficient respectively.
Expanding the Taylor series and neglecting the higher order, we get
T =471, T-3T
Hence Egs. (5) becomes-

0qr —l6c* 3°T
x-S (©)
dy 3k* dy?

The boundary conditions (see Ref. [16]) for the considered problem are:
U=uyuyx)=ax,v=0,
—k— =h(T —T),C=C, at y =0. (7)
U—> Uoo(Xx) =bx, T — Too,C —> Cxasy — 00

The similarity transformation used to make Egs. (1) to (4) dimensionless are as
follows (see Ref. [18]):

n= \/Zy, u = axf'(n),v = —./avy; f (),

_ T TOQ C—Cx
0= ¢ = Cy—Coo

(®)

The set of PDE’s (2) to (4) are transformed by using the set of transformation
Eq. (7) to obtain:

"+ Faf ) — (F M) + 2>+ MO— f()) =0 9)

1
o1+ (RA(1+ 00 — DOM)10" () + £ () + A0 + Np6'(n)¢ (1) +
NA(O' M) + Ec(f" ) + ME.O.— f'(n)* =0 (10)

Nt 1
¢"(n) + Lef (e (n) + EO (m=0 1D
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where M = ‘;f;z is the parameter associated with magnetic field strength, A = s
is the ratio of rates of free stream velocity to the velocity of the stretching sheet,
Pr = ';—f is the Prandtl number, R; = % is the Radiation parameter, 6,, = %
is the Temperature parameter, N, = w is the Brownian motion parameter,
N; = %‘;TM) is the Theromophoresis parameter, A = aﬂQTc, is the heat source
and heat sink parameter for A > 0 and A < 0 respectively, E, = ﬁ is the
Eckert number and Le = g—; is the Lewis number.
The boundary condition (7) in the dimensionless form are as follows:
FO)=0,f(0)=1,00)=—-y[1 -00)]¢0) =1
f(400) = %,0(400) = 0, ¢(+00) — 0 (12)

h
r

is the Biot number.

where y =

The surface heat flux and mass flux in dimensionless form can be represented as
follows:

jg_x = —[1 + Rd62]6'(0) = Nur (13)
ex
Sh
= —¢/'(0) = Shr (14)

3 Method of Solutions

The dimensionless ordinary differential Eqs. (9) to (11) along with dimensionless
boundary conditions (12) are solved using a MATLAB built-in solver bvp4c package.
The equations are converted into the set of first order differntial equations as follows:

f=y.f =yi=y.[f =y,=y3.0 =y,

0 =y, =y5.0=y6, ¢ =Yy =7

"

=y =y =iy A2 MO — ) (15)

0" —y. = —Prly1ys + Ays + Nyysyr + Niy? + Ecy3 + ME.( — y2)*]
’ L+ Rd(1 = (6 — 1ya)®

(16)
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The boundary conditions are given by:

y1(0) =0, y2(0) = 1, y5(0) = —y[1 = »4(0)], y6(0) = L,

¥2(400) = A, y(4-00) = 0, yg(+00) = 0 (1%)

4 Results and Discussions

Influence of non-dimensional parameter such as Radiation parameter R, along
with Brownian motion parameter N;, Thermophoresis parameter N,, Magnetic field
parameter M, Lewis number Le, Biot number y, Prandtl number Pr and Eckert
number E, on Temperature profile 6 (), Nanoparticle concentration ¢ (1), reduced
Nusselt number and reduced Sherwood number graphically and numerically.

The obtained numerical solutions are compared with those of prior published
Mushtaq et al. [24] to justify the correctness of the employed approach. Table 1
illustrates the numerical value of heat and mass transfer, as well as the results reported
by [24] in the presence and absence of radiation, which demonstrates great agreement
with the results achieved in this investigation.

Table 2 shows the effect of radiation, together with other parameters, on heat and
mass transfer as numerical values of —8 (0) and —¢’(0).

Figures 2 and 3 depict the effect of N, along with R, on the temperature profile
and Nanoparticle concentration profile respectively and it can be observed that the

Table 1 Comparison of values of —9/(0) and —d), (0) for the various value of N, with Mushtaq
et al. [24]

Np R, Mushtagq et al. [24] Present study
—0'(0) —¢'(0) —6'(0) —¢'(0)
0.1 0 0.078993 2.44780 0.0785 2.4478
1 0.081387 2.40369 0.0815 2.4061
0.2 0 0.070373 2.43727 0.0704 2.4373
1 0.078183 2.39810 0.0779 2.4001
0.3 0 0.058202 2.44012 0.0582 2.4401
1 0.074496 2.39670 0.0735 2.3991
0.4 0 0.040852 2.44673 0.0409 2.4467
1 0.070375 2.39623 0.0681 2.3970
0.5 0 0.018834 245314 0.0189 2.4531
1 0.065911 2.39605 0.0615 2.3961
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Table 2 Value of Nur and Shr for different parameters along with radiation

Ra N; Np M Pr Le y E. —6'(0) —¢'(0)
0 0.1 0.1 0.5 5.0 1.0 0.1 0.1 0.0880 0.6586
0.2 0.0879 0.6211

0.3 0.0878 0.5847

1 0.1 0.1 0.5 5.0 1.0 0.1 0.1 0.0871 0.6589
0.2 0.0870 0.6213

0.3 0.0869 0.5846

0 0.1 0.1 0.5 5.0 1.0 0.1 0.1 0.0880 0.6586
0.2 0.0650 0.6812

0.3 0.0847 0.6891

1 0.1 0.1 0.5 5.0 1.0 0.1 0.1 0.0871 0.6589
0.2 0.0860 0.6801

0.3 0.0848 0.6874

0 0.1 0.1 0.5 5.0 1.0 0.1 0.1 0.0880 0.6586
1.0 0.0866 0.6599

1.5 0.0853 0.6616

1 0.1 0.1 0.5 5.0 1.0 0.1 0.1 0.0871 0.6587
1.0 0.0860 0.6580

1.5 0.0850 0.6577

0 0.1 0.1 0.5 5.0 1.0 0.1 0.1 0.0880 0.6586
7.0 0.0881 0.6602

9.0 0.0880 0.6622

1 0.1 0.1 0.5 5.0 1.0 0.1 0.1 0.0871 0.6589
7.0 0.0877 0.6581

9.0 0.0880 0.6583

0 0.1 0.1 0.5 5.0 1.0 0.1 0.1 0.0880 0.6586
4.0 0.0870 1.4480

7.0 0.0865 1.9696

1 0.1 0.1 0.5 5.0 1.0 0.1 0.1 0.0871 0.6589
4.0 0.0865 1.4408

7.0 0.0863 1.9586

0 0.1 0.1 0.5 5.0 1.0 0.1 0.1 0.0880 0.6586
0.2 0.1651 0.6061

0.3 0.2329 0.5601

1 0.1 0.1 0.5 5.0 1.0 0.1 0.1 0.0871 0.6589
0.2 0.1598 0.6147

0.3 0.2213 0.5776

(continued)
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Table 2 (continued)

Ry N; Np M Pr Le y E. —0'(0) —¢'(0)

0 0.1 0.1 0.5 5.0 1.0 0.1 0.1 0.0880 0.6586
0.2 0.0826 0.6844
0.3 0.0771 0.7103
1 0.1 0.1 0.5 5.0 1.0 0.1 0.1 0.0871 0.6589
0.2 0.0830 0.6764
0.3 0.0790 0.6940

R =0
R, =1

N1 =0204,06 08

n

Fig. 2 Effect of N; along with R; on 6(n)

temperature increases with the increase of both N, and R; whereas the nanoparticle
concentration increases with N, but decreases with an increase in radiation. Figure 4
describes the effect of N, and R; on the temperature derivative profile (—6'(n)) and it
is clear that it increases with the increase of N, and R;. The results are important for
calculating the Nusselt number since they have a direct relationship to its value when
n = 0. The reason behind the fact is that the increase in N, results the enhancement
of thermophoresis forces which has the tendency to fast flow the nanoparticles from
hot surface to cold surface away from stretching. This results in an increase of heat
and mass transfer in the boundary layer region for nanoparticles.

Figures 5 and 6 illustrate how N}, affects the temperature and nanoparticle concen-
tration profiles in conjunction with the specified radiation. The study elucidates that
the temperature increases with the increment N, but decreases with R; whereas the
concentration decreases with the increase in both N, and R,;. The impact of N, along
with R; on —0’(n) is depicted in Fig. 7 and an increase is observed with the increase
in N}, but an opposite trend is seen with R;. It is well known that as Nb increases, so
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Fig. 4 Effect N, of along with Rz on —6’(n)

does the random motion of nanoparticles, resulting in an increase in collisions with
other nanoparticles. As a result, the kinetic energy is transformed into heat energy,
and the temperature rises. But the rate of mass transfer decreases because of the
tendency of the particle to get close to each other as Nb increases.

Figures 8 and 9 show the effect of Biot number y on both temperature and nanopar-
ticle concentration and it is observed that both increases with the increase in y.
The main reason behind the fact is that, increase in biot number means increase
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in convective heat exchange at the surface which results in the increase in thermal
boundary layer thickness and which in turn increases the nanoparticle concentration.
Figures 10 shows that the temperature decreases with the increase of Prandtl number
Pr whereas Fig. 11 shows that the nanoparticle concentration profile increases with
Pr. The main reason behind the fact that with the higher value in Pr the heat diffuses



484 S. Rao and P. N. Deka

\ _Rd =0
141 R,=1
R,=2
12+
1l
= oaf
L} |,r
06
. Nb=0.1.ﬂ.3, 05,07
A
VAN
# -
// b
o L = ” W
o 05 1 1.5 2 25 3
n
Fig. 7 Effect of Nj, along with Rz on —6’(n)
06
R,=0
05 I{‘j 1
Rd 2
04t
3 0.3}
1“" =02,04,06,08
02 /
3 P
N
Al DA\
P N
rd
0 L Mo T O e —
0 05 1 1.5 2 25 3

Fig. 8 Effect of y along with Rz on 6(n)

more rapidly than the momentum. It is also observed that at large Pr the tempera-
ture falls more drastically due to the fact that the large values of Pr leads to the low
thermal conductivity.

Figure 12 depicts the impact of E, on the temperature profile. We know that Eckert
number expresses a direct relationship of flow’s kinetic energy to the boundary layer
enthalpy differences. This leads to the fact that the increases in E. enhance the kinetic
energy. Whereas it is well known that the temperature is an average kinetic energy.
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Fig. 10 Effect of Pr along with R; on 6(n)

Hence alternatively we can say that temperature rises with the increase in Eckert
number and which can be clearly seen in the figure.

Figures 13, 14 and 15 show the effect of magnetic parameters on velocity, temper-
ature, and nanoparticle concentration respectively. It is noticed from the velocity
profile that the velocity decreases with the increase in magnetic parameter. An exact
opposite behavior is seen in the case of temperature profile where the temperature
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Fig. 12 Effect of E, along with Rz on 6(n)

increases with the increase in M and radiation R,. In the case of nanoparticle concen-
tration, it is clear from the graph that the concentration increases with the increasing
magnetic parameter but decreases with stronger radiation. As the magnetic field
parameter increases, a resistive force called a Lorentz force is produced which retards
in the form magnetic pressure drop on the velocity, as a result the motion gets slowed
down. Therefore the velocity decreases with the increasing value of M. Again due
to the Lorentz force a resistance is offered to the flow which results in warming up
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Fig. 14 Effect of M along with Rz on 6(n)

the boundary layer region. Hence the temperature increases as the values of M gets
increase.

The influence of Lewis number on temperature and nanoparticle concentration can
be depicted in Figs. 16 and 17 respectively. It is noted that a growing behavior is found
for temperature profile with the increment in Le and R; whereas the concentration
decreases with the increase in Le. It is observed that a smaller increase in Le results
in larger differences in temperature and a thinner concentration boundary layer due to
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a weak molecular diffusivity. Figures 18 and 19 depicts the behavior of temperature
profile for heat source parameter (A > 0) and heat sink parameter (A < 0) respectively.
It is observed that the temperature of the thermal boundary layer increases with the
increase in A (heat source parameter) and decreases with the decrease in A (heat sink
parameter) under constant thermal radiation.
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5 Conclusions

The influence of solar radiation on a constant two-dimensional MHD flow across a
stretched plate is examined for various parameters in this study. The findings acquired
in this investigation using the MATLAB programme bvp4c and the results obtained
in the previous study utilizing the Runge Kutta Fourth Order Scheme showed great

consistency. The impact of various parameters in our present investigation are as
follows:
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e The increasing value of Magnetic field parameter can decrease the nanoparticle
velocity.

e The temperature distribution in the boundary layer region can be enhanced with the
increment of Magnetic field parameter, Biot number Thermophoresis parameter,
Brownian motion parameter, Heat source parameter, Lewis number and Eckert
number.

e The temperature distribution diminishes with the increasing value of Prandtl
number and Heat sink parameter.

e Nanoparticle volume fraction in the boundary layer region can be enriched by
increasing the value of Thermophoresis parameter, Biot number, Magnetic field
parameter, Lewis number and Prandtl number while it can decrease with the
increase in Brownian motion parameter.

e The increasing value of Radiation parameter increases the Temperature profile
and decreases the Nanoparticle volume fraction profile.

e The value of reduced Nusselt number is increased with the increase in Biot
number and the Prandtl number and deceases with magnetic field parameter,
Lewis number, Thermophoresis parameter and Brownian motion parameter.

e The value of reduced Sherwood number is increased with the increase in Brownian
motion parameter, Magnetic field parameter, Prandtl number, Lewis number and
Eckert number but decreases with Thermophoresis parameter and Biot number.

e [t is very interesting to note that increase in Radiation parameter lead to the
decrease in Reduced Nusselt number and increase in Reduced Sherwood number.

e The applicability of MATLAB’s software bvp4c (Boundary layer problem of
fourth-order) is ensured by verifying the findings as compared to the previously
published results.

e The present study finds an application in efficient Solar collector, Cooling
problems in industry, etc.
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